The Brownian motion of a particle in a harmonic potential, which is simultaneously exposed either to a linear shear flow or to a plane Poiseuille flow is investigated. In the shear plane of both flows the probability distribution of the particle becomes anisotropic and the dynamics is changed in a characteristic manner compared to a trapped particle in a quiescent fluid. The particle distribution takes either an elliptical or a parachute shape or a superposition of both depending on the mean particle position in the shear plane. Simultaneously, shear-induced cross-correlations between particle fluctuations along orthogonal directions in the shear plane are found. They are asymmetric in time. In Poiseuille flow thermal particle fluctuations perpendicular to the flow direction in the shear plane induce a shift of the particle's mean position away from the potential minimum. Two complementary methods are suggested to measure shear-induced cross-correlations between particle fluctuations along orthogonal directions.
I. INTRODUCTION
The Brownian motion of particles in a fluid is of central importance in chemical and biological physics as well as in material science and engineering [1] [2] [3] [4] . Despite the long history of Brownian motion, especially in quiescent fluids, our understanding of thermally induced particle dynamics in flows is still far from complete.
Moreover, neutral colloidal particles moving relatively to each other interact via the fluid and these hydrodynamic interactions can cause a complex collective behavior [2, 5, 6] . In shear flows little is known about the dynamics of Brownian particles and the hydrodynamic interaction effects in spite of their fundamental relevance and importance in microfluidic applications. The Taylor dispersion [7] and fluid mixing issues [4, 8] are well known examples where fluctuations of particles and their hydrodynamic interaction effects in simple shear and Poiseuille flow play an important role. The interplay of shear gradients and thermal motion of polymers leads, even at low values of the Reynolds number, to the rich dynamics of polymers [9] , the so-called molecular individualism [10] . Polymers tumbling in a shear flow cause elastic turbulence even in diluted polymer solutions [11] and spectacular mixing properties [8] in microchannels.
In shear flows it is the contribution (u · ∇)u of the flow field u(r) to the Navier-Stokes equation which causes interesting transient phenomena near the onset of turbulence [12] , as well as amplifications of velocity fluctuations and their cross-correlations along and perpendicular to straight streamlines [13, 14] . A cross-correlation is also expected between orthogonal particle-fluctuations in the shear plane, because random jumps of a particle between neighboring streamlines of different velocity lead to a change in the particle's velocity and displacement along the streamlines, similar as via fluctuations. Nevertheless, there was no direct observation of these cross-correlations until recently [15] . Here we present the theoretical background for their determination.
The stochastic dynamics of free single spherical particles in linear shear flows have been studied in terms of the hydrodynamic fluctuation theory [16] , and in combined Langevin and Fokker-Planck approaches, by taking inertia into account [17] [18] [19] . Even effects of non-equilibrium thermodynamics were included in Ref. [20] . Experiments for detecting shear-induced cross-correlations between perpendicular random displacements of free particles were described in Ref. [21, 22] . Shear induced crosscorrelations between perpendicular fluid-velocity fluctuations and perpendicular fluctuations of particles are expected to be strongly asymmetric in time [13, 18, 23] . In dynamic light-scattering experiments certain aspects of this issue were observed indirectly [24] , however, a direct measurement and characterization of related particle fluctuations in shear flows remained an open question.
Direct observations of particle fluctuations at the mesoscale became possible only quite recently by using optical tweezers. This rather young technique is a powerful experimental method for investigating the motion of a small number of particles [25] [26] [27] , which contributes substantially to our understanding of the dynamics of particles and to a number of innovative applications. These include the inspiring studies on single polymers [28] [29] [30] [31] [32] [33] [34] [35] , the detection of anti-correlations between hydrodynamically interacting Brownian particles by FemtoNewton measurements [36] , the propagation of hydrodynamic interactions [37] , wall effects on Brownian motion [38, 39] , short-time inertial response of viscoelastic fluids [40] , two-point microrheology [41] , anomalous vibrational dispersion [42] , particle sorting techniques [43] [44] [45] [46] , and a number of further investigations in microfluidics. The laser tweezer technique has also been applied to determine the force elongation relation of biopolymers [47] or the effective pair potential in colloidal suspensions [48] .
Stochastic motions of a free particle moving along the streamlines of a sheared fluid and of a particle trapped in the minimum of a potential, while exposed to a shear flow, have common characteristic signatures. Since the trapped particles are more suited for a thorough statistical analysis of its Brownian dynamics, we present calculations for particles trapped by a harmonic potential and exposed to either a linear shear flow or to a plane Poiseuille flow. Our analytical results show that shear flow causes characteristic signatures in the time dependence of the cross-correlation between particle displacements along orthogonal directions in the shear plane as well as an inclined elliptical particle distribution. Part of these results have already been applied and confirmed in a recent experimental study [15] .
For our calculations we utilize a Langevin model for the particle motion, where stochastic forces with different statistical properties may be used. Stochastic forces acting on suspended Brownian particles are caused by velocity fluctuations of the surrounding fluid. In a quiescent fluid the fluctuations of orthogonal velocity components are uncorrelated in the bulk [49] . Assuming such uncorrelated fluid-velocity fluctuations, and therefore uncorrelated stochastic forces in the particle Langevin model, we show how shear flow induces cross-correlations between particle fluctuations along orthogonal directions. Conversely, we show how the amplitudes of the stochastic forces acting on the particle can be determined by measuring the static correlations of the particle fluctuations.
In section II the model equations of the Brownian particle motion and their formal analytical solutions are presented. The static correlation functions for the particle's position and velocity fluctuations are derived in section III, where also the corresponding distributions are calculated in terms of the static correlations and under the assumption of Gaussian particle fluctuations. In addition, the ratio between the principal axes of both distributions are determined as well as the angle enclosed by each major axis and the flow direction. In Poiseuille flow the second derivative of the flow profile, as well as the fluctuations perpendicular to the flow lines, cause a shift of the particle's mean position in the potential via ∆u(r) = 0 . The latter contribution is usually not taken into account, if the effective particle radius is determined via Faxén's law from the particle displacement. In section IV we present and discuss these results for the special cases of linear shear flow and plane Poiseuille flow. In addition we compare the analytical results with numerical simulations of the Langevin equation given in section II and we suggest experiments to measure some of the flow-induced effects determined in this work. The article closes with a discussion and possible further applications in section V.
II. EQUATIONS OF MOTION AND THEIR SOLUTIONS
We consider a Brownian particle of mass m and effective radius R suspended at the position r = (x, y, z) in a flow field with parallel streamlines in the x-direction, u(r) = u x (y)ê x . We assume a velocity field
which corresponds for b = c = 0 to a uniform flow, for a = c = 0 to a linear shear flow with shear rate b, and for c = − a l 2 , b = 0 to a plane Poiseuille flow between two parallel walls at a distance 2l. The particle is trapped by a harmonic potential with its minimum at r 0 = (x 0 , y 0 , z 0 ) = (0, 0, 0),
The resulting linear restoring force is given by
in terms of the force constant k. Such a potential acting on a colloidal particle may be realized by an optical tweezer [25] . A particle moving with the speed v =ṙ in a flow of velocity u experiences, according to Stokes' law, a hydrodynamic drag force F h = 6πηR(u − v) proportional to the effective radius R, to the shear viscosity η and to the difference u − v between the velocity of the particle and the local flow velocity [49, 50] . If the flow velocity u(r) is a nonlinear function of the spatial coordinates, as in the case of a plane Poiseuille flow in Eq. (1), one has according to Faxén's theorems [51] an additional contribution to the drag force. This contribution includes the Laplacian of the velocity field and has in terms of the Stokes friction coefficient, ζ = 6πηR, the form:
The Laplacian of the flow field in Eq. (1), with the abbreviationā = a + R 2 3 c, gives the following expression for the hydrodynamic drag force,
The stochastic motion of a Brownian particle is caused by the fluctuationsũ of the fluid velocity-field u(r, t) [52] . The effects ofũ on a particle can be taken into account in a Langevin model by a random force F b (t). In uniform flows, namely with b = c = 0 in Eq. (1), the cross-correlations of the velocity fluctuations of the fluid, ũ iũj , lead to a vanishing cross-correlation of the random forces, F are a matter of current research [13, 14] .
In our model we assume a Gaussian distribution of F b (t) with vanishing correlation time and mean value
For the moment we leave the fluctuation matrix f ij unspecified, except to note that, according to timetranslation-and time-reversal-invariance, it is symmetric. In uniform flows, namely with b = c = 0 in Eq. (1), the matrix f ij is diagonal with f ii = 2k B T ζ [53] as mentioned before, whereas in a shear flow the magnitude of the non-diagonal elements of f ij depends on the shear rate, but shear-induced contributions are expected to be small [13, 16, 23] . However, we allow non-diagonal elements of f ij for the moment to show in section IV how these non-diagonal elements may be determined by measurements of the velocity fluctuations of the particle. The net force acting on the particle,
together with Newton's law gives the Langevin equations of motion for the translational degrees of freedom of the particle
Introducing the vectors X = (x, v x ), Y = (y, v y ) and Z = (z, v z ) one may express the second order differential equations (8) in terms of a system of coupled first order equationṡ
Herein we have introduced the matrix
the damping constant β = ζ 2m , the squared frequency ω 2 = k m and the velocity unit-vectorê v = (0 , 1). The rotational motion of the particle, which may provide further corrections to the leading order fluctuation effects discussed here, is not taken into account in this work.
The general solutions of the equations of motion (9) in terms of the initial conditions X(0), Y(0) and Z(0) are given by
This system of coupled equations is the starting point of the following analysis, where the statistical properties of the particle's motion are characterized by the correlations of its position and velocity.
III. DISTRIBUTION FUNCTIONS AND STATIC CORRELATIONS
By taking the averages of Eqs. (11) and using the vanishing mean of the stochastic forces in Eq. (6) we see that the mean velocity of a particle in a harmonic potential vanishes, v = 0. In the case r 0 = 0 the mean value of the deviations of the particle's position from the potential minimum in the directions perpendicular to the flow vanish too, y = z = 0 . However, the mean particle displacement in the direction of the flow given by Eq. (1) is non-zero:
This equation is discussed in more detail in section IV for specific flows. Since the spring constant k of the potential enters in different powers in equation (12) , this formula might be employed for the experimental determination of the effective fluctuation magnitude f yy . With a combination of the coordinates of the particle and its velocities to a single 6-dimensional vector, q = (r, v) = (x, y, z, v x , v y , v z ), the probability distribution function of the particle, P(q), may be formulated in a compact form in terms of the deviations q = q− q = (x,ỹ,z,ṽ x ,ṽ y ,ṽ z ) from the mean value q . If the fluctuationsq are linear functions of Gaussian distributed stochastic forces, which is the case for uniform and linear shear flows, they can be expected to be themselves Gaussian variables [54] and can be described by a Gaussian distribution as follows:
Here the covariance matrix C =T is used, which includes second order moments for the coordinates and the velocities at equal times (static correlations). The magnitudes of the elements C ij depend on the correlation amplitudes of the stochastic forces, f ij , and can be measured in experiments. Consequently, one may reconstruct the stochastic forces from the measurements, as discussed later. For Poiseuille flow the relations between particle fluctuations and stochastic forces are nonlinear due to the contribution ∝ cy 2 in Eq. (11a). Therefore, the particle distribution P(q) is not necessarily Gaussian. However, in the course of this work we use the formula in Eq. (13) also for particles in a potential, which are exposed to a Poiseuille flow, but with the covariance matrix C ij now determined in terms of the parameters for the Poiseuille flow. The validity of this heuristic approach will be tested later in Sec. IV B by numerical simulations.
A. Covariance matrix and angular momentum
The covariance matrix C consists of four 3 × 3 submatrices
that describe the autocorrelation for the positions C rr and velocities C vv and their cross-correlations C vr and C rv at equal times. The matrices
may be calculated in terms of the expressions given by Eqs. (11) .
Under the Gaussian assumption, the four-point correlations of the stochastic forces, which occur due to the quadratic contribution y 2 of the flow in Eq. (11a), can be decomposed into two-point correlation functions according to Wick's theorem [54] :
Introducing the relaxation time of the particle in a harmonic potential
the non-zero components of the covariance matrices may be written in terms of the amplitudes of the stochastic forces and the flow parameters by the following set of equations:
The non-diagonal elements of C vv , namely the correlations of the velocity fluctuations of the particle, ṽ xṽy and ṽ yṽx , are directly proportional to the amplitude f xy of the fluctuations given by Eq. (6) . In contrast to this result for a fluctuating particle in a potential, one finds for a free particle in shear flow finite values for the crosscorrelations ṽ xṽy and ṽ yṽx even in the case f xy = 0 [18] . However, as shown appendix A, in the presence of a harmonic potential these correlations decay on a time scale 1/(2β), which is very short for an overdamped particle motion. In the case of a weak laser tweezer potential the particle relaxation time τ p = ζ/k becomes rather large and one obtains according to Eq. (A8) and Eq. (A10) for f xy = 0 a contribution to the velocity correlation ṽ x (t)ṽ y (t) ∝ exp[−2t/τ p ] f yy , which decays slowly and gives in the limit of a vanishing potential (k → 0, τ p → ∞) a constant contribution to the velocity-velocity correlation, which agrees with that in Refs.
[18] for a free particle, c.f. appendix A. Therefore, finite values of ṽ xṽy and ṽ yṽx measured for particles trapped in a potential are a direct indication of crosscorrelations of the stochastic forces along orthogonal directions, F in the flow direction includes several contributions. It depends on the shear rate, the second derivative of the flow and the fluctuation strength f xx and f yy . The crosscorrelations between velocity and position appear only in the shear plane and they are proportional to the local shear rate. The sub-matrices C vr and C rv , describing the crosscorrelations between the positional and the velocity fluctuations, are related to the mean angular momentum of the particle:
B. Distribution of position and velocity
Integrating the particle distribution function P(q) in Eq. (13) with respect to its velocity degrees of freedom one obtains the particle's positional distribution function P(r), which may be expressed in terms of the covariance matrix C rr as follows:
The elliptical particle distribution in the xy shear plane is sketched for a non-zero shear rate. d1 and d2 are the two principal axes of an ellipse along which P(r) is constant. The Gaussian profiles along the two principal axes are also indicated.
A sketch of the distribution P(r) is shown in Fig. 1 for a linear shear flow b = 0 and a = c = 0. The non-diagonal elements of the symmetric matrix C rr , cf. Eq. (15a) and Eq. (18), describe the cross-correlations of the particle fluctuations in the x-and y-direction and therefore the deviation of P(r) from a spherically symmetric distribution to an ellipsoidal one in the shear plane. The principal axes of the particle's positional distribution are given by the eigenvectors w p;1,2,3 of the corresponding eigenvalues c p;1,2,3 of the matrix C rr .
In the z-direction one has c p;3 = z 2 and w p;3 = (0, 0, 1). For the other two directions in the xy shear plane one obtains
With the orthogonal transformation matrix
ther-dependence of the exponential function (20) can be rewritten as follows
The eigenvalues c p;1 and c p;2 determine the length of the principal axes d p;1,2 = √ c p;1,2 along the directions w p;1 and w p;2 of an ellipse, where the longer one is rotated counterclockwise with respect to the x-axis by an angle φ p , which is given by the expression
The ratio between the minor and the major axis is given by
Analogous to the particle distribution given above, one can also derive an expression for the probability distribution P(ṽ) of the particle's velocity, which is obtained by integrating out the positional degrees of freedom in Eq. (13):
The eigenvalues c v;1,2,3 and eigenvectors w v;1,2,3 of C vv are determined in a similar manner as for C rr . Again the eigenvalue c v;3 = ṽ 2 z and the principal axis w v;3 = (0, 0, 1) perpendicular to the shear plane are obvious. The remaining two eigenvalues and eigenvectors are:
They have the same structure like those for the covariance matrix C rr . However, while the non-diagonal elements of C rr are directly proportional to the local shear rate b, the non-diagonal elements of C vv and therefore the angle enclosed between the principal axis of the distribution of the velocity fluctuations and the x-axis,
depends only weakly on the local shear rate, since the contribution of b to the shear-induced cross-correlation f xy is small in magnitude, compared to f ii [14, 23] . From a measurement of the distribution of the particle's velocity one may calculate the eigenvalues c v;1,2 and the angle φ v , which may enable the determination of the stochastic force correlations f xx , f yy and f xy . The mean kinetic energy of a trapped particle in shear flow is composed of two contributions, one induced by the distribution of the fluctuations and an additional one by virtue of the rotational part of the flow:
If the correlations of the stochastic forces are assumed to be independent of the flow, the mean energy of the particle will be increased by the flow, since all terms in this equation are positive. But without knowing the explicit expressions for the force correlations, it is not clear how the energy is really changed. Recent calculations show that the mean kinetic energy of a fluid without an immersed particle increases in a shear flow [55, 56] . This indicates that the stochastic forces and the particle's mean energy, Eq. (30), may be amplified as well.
IV. RESULTS FOR SPECIFIC FLOWS
The results concerning the effects of a linear shear and a plane Poiseuille flow on the Brownian motion of a particle in a harmonic potential are presented in this section. Namely the properties of the correlation functions and the particle's distribution are analyzed as a function of the flow parameters. They share common trends for both flows but there are also some characteristic differences, which are described in this section. 
In the case y 0 = 0 the flow velocity has a finite value at the center of the trap resulting in a non-zero mean position of the particle in flow direction, which is given via Eq. (12) by the formula
With the identifications (31) the elements of the covariance matrix C for the particle fluctuations around the potential minimum may be determined for a linear shear flow by Eqs. (18) in terms of the noise amplitudes f xx , f xy and f yy .
An interesting question is, how to detect the noise amplitudes f ij in terms of the measured auto-and crosscorrelations of the particle's position-and velocity fluctuations. According to Eq. (18c) there is a direct relation between the velocity correlation ṽ xṽy and the noise magnitude f xy . Therefore, a direct measurement of this velocity correlation, if experimentally possible, would give f xy , or, the other way around, a non-zero value of f xy = 0 is required in order to obtain non-zero values of the cross-correlations between these orthogonal velocity components.
As already mentioned in the introduction, it is favorable to investigate the particle fluctuations around a potential minimum rather than those of free particles since trapped particles can be investigated over a long period of time, as demonstrated by several experiments, see e. g. Ref. [36] . This opens the opportunity for the determination of the magnitudes of the noise f ij in terms of the positional fluctuations via Eqs. (18) , which in the case of a linear shear flow take the following explicit form
In the case of isotropic stochastic forces with negligible cross-correlations, f xx = f yy and f xy ∝ ṽ xṽy ≈ 0, one has in a linear shear flow still a non-vanishing positional cross-correlation xỹ =γτ p ỹ 2 /2. Its magnitude is determined by the shear rateγ and the noise strength via ỹ 2 . According to this behavior and because x 2 = ỹ 2 , we expect an anisotropic distribution of the positional fluctuations P(r), as sketched in Fig. 1 and as discussed below. For f xy = 0 the anisotropy of the positional distribution has an additional contribution that depends on the magnitude of f xy .
During the rest of the present section IV A inertia effects are neglected and in addition, we assume an isotropic noise distribution with f xy = f yx = 0 and f xx = f yy = f zz = 2k B T ζ. Both are good approximations for many experiments focusing on leading order effects of a shear flow on the fluctuations of particles. Taking into account the time-dependence of the positional fluctuations, as given by Eqs. (11) , one obtains in terms of the dimensionless Weissenberg number,
and the Heaviside step function Θ(t) the following timedependent correlations:
The cross-correlation between fluctuations along orthogonal directions, as given by the last equation, is shearinduced and its asymmetry x(t)ỹ(0) = x(0)ỹ(t) with respect to time reflection t → −t is one of the important effects of shear flow on the distribution of fluctuations. For t > 0, the algebraic prefactor in Eq. (35c) illustrates that a fluctuationỹ(0) = 0 of a particle is carried away by the flow along the x-direction before the initial displacement starts to relax remarkably. This leads, during an initial period of time shorter than the relaxation time τ p , to the growth of x(t)ỹ(0) , while x(0)ỹ(t) decays monotonically (solid line in Fig. 2 corresponding to t < 0). The predicted elementary signatures for the shear-induced cross-correlations, as shown in Fig. 2 , are in agreement with experimental data as described recently in Ref. [15] . The expression x(t)ỹ(0) is proportional to the Weissenberg number and takes its maximum at half of the particle's relaxation time t max = τ p /2. For the correlations of the velocity fluctuations of the fluid in orthogonal directions a similar signature as in Eq. (35c) has been found [13] , where however the mechanism is slightly different.
A comparison of the absolute values of the particle's fluctuations with experimental results may be difficult. However, one obtains from Eqs. (35) and in terms of the dimensionless Weissenberg number the following normalized ratios of the static correlations
The left hand side and the right hand side of Eqs. (36) can be measured independently in different experiments and the results can be compared afterwards. An anisotropic distribution of the particle's velocity P(ṽ), as given by Eq. (26) , is only obtained in the case of a finite cross-correlation f xy of the stochastic forces. In contrast to this, the particle's distribution P(r) has in the overdamped limit an elliptical shape in the xy plane, even for a vanishing cross-correlation magnitude f xy = 0. In this limit an elliptical distribution P(r) is shown in Fig. 3 for the Weissenberg number Wi = 2 and the relaxation time τ p = 1. In Fig. 3 the time evolution of the particle's position, obtained by simulations of the basic equation (8) , is plotted at equidistant times. This positional distribution can be characterized by the angle φ p of the ellipsoid and the ratio V p of its principal axis. The general expressions for φ p and V p , as given by Eqs. (24) and (25) , can be further simplified in the case of a linear shear flow to functions of the dimensionless Weissenberg number Wi only:
The two expressions in Eqs. (37) suggest measurements of the shear-induced particle fluctuation effects, which are complementary to the measured static correlations. In experiments the particle positions may be recorded at equidistant times. By plotting these subsequent particle positions in the shear plane, a similar distribution is expected as shown by our numerical simulation in Fig. 3 . From such an experimentally measured distribution for different shear rates the angle φ p and the ratio between the principal axes, V p , may be determined. If the determination of the Weissenberg number Wi is difficult or if the precision is not sufficient Eqs. (36) and (37) allow a consistency check between different aspects of the particle fluctuations, without a separate measurement of Wi. A cross-check has recently been performed in an experiment in which a good agreement between both approaches has been found, cf. Ref. [15] . In the limit of a vanishing Weissenberg number, Wi → 0, the angle φ p of the ellipsoidal particle's distribution tends to φ p = π/4 and the positional variance becomes isotropic, x 2 = ỹ 2 , corresponding to the ratio V p = 1. This trend is similar to the dependence of the orientation of vesicles in shear flow [57] or to the local orientation of the order parameter of nematic liquid crystals in plane shear flows [58] .
Ifγ and therefore Wi is increased, the angle φ p between the longer semi-axis and the x-axis as well as the ratio V p will decrease as shown in Fig. 4 and in Fig. 5 . 
B. Plane Poiseuille flow
A Brownian particle is trapped by a harmonic potential close to r 0 = (0, y 0 , 0) and exposed to a plane Poiseuille flow along the x-direction,
The particle fluctuationsx andỹ describe deviations with respect to the mean values y 0 and x , which is not zero as determined below. The flow velocity along the xdirection may be expressed for further analysis in terms of the fluctuationsỹ as follows
Comparing this expression with Eq. (1) the coefficients in the latter equation are given by
Here χ describes the second derivative of the velocity profile, b the local shear rate and
the local Weissenberg number Wi(y 0 ). With these identifications the elements of the covariance matrix C are again given via the expressions in Eqs. (18) in terms of the strength of the noise, f xx , f xy , f yy and f zz and the flow parameters. The mean position of the particle in a plane Poiseuille flow can be determined via Eq. (12):
In contrast to a linear shear flow, it includes a contribution depending on the particle's radius R, which is a pure deterministic effect due to Faxén's theorem [2, 51] . The last term on the right hand side describes an additional shift based on the positional variance ỹ 2 in the y-direction. Both contributions are proportional to the second derivative χ of the flow profile and are therefore not present in linear shear flows.
In experiments Eq. (42) may be used to measure the spatial variation of the flow profile by detecting the mean displacement of a particle of radius R out of the optical tweezer potential. For such a measurement usually deterministic formulas are used to describe the relation between the displacement and the flow velocity. But Eq. (42) indicates that a correction due to thermal motion has to be taken into account.
The relations given by Eqs. (18) relate the fluctuations of the velocity and the position of a particle to the externally controlled flow properties and the magnitudes of the thermal fluctuations. Consequently they allow, in a similar manner as to the linear shear flow, a determination of the magnitudes of the stochastic forces in terms of the measured covariances of the particle fluctuations:
The difference compared to Eqs. (33) is an additional contribution to f xx , which depends on the second derivative of the Poiseuille flow. Further comments made above for a linear shear flow hold as well. Similar to the end of the previous section IV A, we neglect from here on the particle inertia and we assume in addition isotropically distributed noise with f xy = 0 and f ii = 2k B T ζ. The static correlations of the particle's positional fluctuations in the shear plane, given by Eqs. (18) , then reduce to
The static cross-correlation xỹ has the same dependence on the Weissenberg number as in the linear shear case Eq. (35c) at t = 0, if the local shear rate of the Poiseuille flow at the potential center is taken. In contrast to a linear shear flow profile, the mean-square displacement of the particle in x-direction, given by Eq. (44a), includes an additional constant contribution,
, which is independent of the position of the potential minimum in the Poiseuille flow and therefore also independent of the local Weissenberg number. Besides the dependence on the second derivative χ of the flow profile, the contribution G is a direct function of the fluid temperature. Due to this contribution in Eq. (44a) one has x 2 = ỹ 2 and the isotropy of the particle's positional distribution in the shear plane is broken. This broken rotational symmetry also changes the analytically determined distribution function in Sec. III B along with the correlation matrix C ij for a Poiseuille flow.
In addition to the calculations, we have performed simulations of the particle dynamics where we used isotropic and Gaussian distributed white noise in the overdamped version of Eq. (8). The resulting distributions for the particle's position are shown in Fig. 6 for three different positions y 0 of the potential center. With the potential minimum at the center of the flow (y 0 = 0) the numerical results show a broken mirror symmetry in x-direction of the particle's positional distribution, c.f. Fig. 6a ). One recognizes a parachute shape that is similar to the well known conformation of vesicles and red blood cells in the center of a Poiseuille flow [59] . If one now makes the heuristic assumption of a Gaussian distribution for the particle's position in the case of a Poiseuille flow, as in Sec. (III), but with the correlation matrix C ij determined in terms of the Poiseuille-flow parameters, one expects for the parameters in Fig. 6a ) an elliptical shape of the particle distribution. Indeed, the ratio between the principal axis in Fig. 6a ) is slightly smaller than 1.0. But within this analytical approximation, the ±x symmetry is not broken, which indicates the limitation of the heuristic approach.
Away from the center of the Poiseuille flow, for finite values of y 0 = 0, the ±y symmetry of the particle's positional distribution is also broken, as shown in Fig. 6b ) and in Fig. 6c ). With increasing values of y 0 the local shear rate acting on the particle increases as well as the local Weissenberg number Wi(y 0 ). Consequently the cross-correlation xỹ in Eq. (44c) becomes non-zero and the particle's positional distribution in the xy plane approaches, according to our analytical results, an elliptic shape as indicated by the ellipses in Fig. 6b ) and However, the inclination of the distribution and the inclination of the analytically determined ellipses agree rather well and therefore a determination of the angle φ p for a Poiseuille flow according to Eq. (24), similar to that in the previous chapter, is reasonable and φ p has the following form
We have shown in Sec. IV A, how the angle φ p and the ratio V p depend on the Weissenberg number of the linear shear flow. Since the local shear rate in a Poiseuille flow depends on the location y 0 of the minimum of the potential, one may plot φ p and V p (which is calculated via Eq. (25)) as a function of y 0 as shown in Fig. 7 . Since the particle's distribution is anisotropic in the xy plane even for y 0 = 0, see Fig. 6a ), the corresponding principal axes are always unequal. This behavior is reflected in Fig. 7b ) where the inequality V p < 1 holds for all values of y 0 . The dependence of the angle φ p on the local shear rate in a Poiseuille flow differs from the case of a linear shear flow: the function φ p (y 0 ) is always well defined, even at the center of the flow, where it vanishes. This is one consequence of the asymmetry of the particle distribution. With increasing values of |y 0 | and therefore with increasing values of the local shear rate, the angle |φ p | increases as well until it reaches some maximum value φ max at y 0;max , as given by the following equations:
(46b) y 0,max depends only on ỹ 2 and therefore on the width of the particle's distribution in y-direction, which is determined by the ratio between the thermal energy and the spring constant related to the harmonic potential acting on the particle. Increasing |y 0 | beyond |y 0,max | the local shear rate, Wi(y 0 ), increases too, but φ p starts to decrease; a similar behavior as seen in section IV A. In the range |y 0 | > |y 0,max | the local shear dominates the curvature effects more and more and the Poiseuille flow resembles a linear shear flow. In addition, the particle's distribution approaches an ellipse as obtained by the heuristic approximation. As mentioned above, the heuristic analytical approach becomes exact in the case of a linear shear flow.
In Fig. 7 the analytical results on φ p and V p have been compared with our numerical simulations. In spite of the fact that we assumed for our analytical calculations a Gaussian distribution of the positional fluctuationsx and y, the results show surprisingly good agreement. The major reason for this good agreement is that we calculated the inertia tensor for the particle distribution, which includes only second order moments as assumed for the Gaussian distribution. 
C. Pipe Flow
For a flow profile in a pipe of radius d, cylindrical polarcoordinates are appropriate. Similar to a plane Poiseuille flow the dependence of the velocity profile on the radial position ρ is also quadratic. Consequently, the ρ dependence corresponds now to the y dependence in the case of the plane Poiseuille flow. The velocity profile for the pipe flow, where the pipe axis coincides with the x axis, is of the following form,
The results described above in section IV B apply qualitatively also for the pipe flow.
With the potential minimum located at ρ 0 the coefficients in the Eq. (1) are a = u p (1 − . This is a consequence of the 2D Laplacian instead of a 1D second derivative in Eq.(4). The mean-position of the particle is in terms of the pipe flow of the following form
Besides the factor 2 in front of R 2 this expression corresponds to that in Eq. (42).
V. CONCLUSION
In this work we have calculated analytically and numerically the autocorrelations and cross-correlations between different components of the velocity and the positional fluctuations of a Brownian particle in a harmonic potential, which is exposed to different shear flows. In addition, the particle's probability distribution in the harmonic potential has been determined as a function of the flow parameters. By solving an appropriate Langevin model, cross-correlations between velocity and positional fluctuations along orthogonal directions have been found and several suggestions for experimental measurements are made.
Cross-correlations between orthogonal velocity components occur only if there is already a cross-correlation between stochastic forces along orthogonal directions in the related Langevin model. On the other hand, we find cross-correlations between particle fluctuations along orthogonal directions without cross-correlations of orthogonal stochastic force components and their magnitude increases with the dimensionless shear rate, the Weissenberg number.
There are recent calculations on shear-induced crosscorrelations between orthogonal fluctuations of freely floating particles [16, 18] . They have the same origin as those discussed in this work. However, while measurements of the shear-induced cross-correlations of freely moving particles may be difficult, shear-induced crosscorrelations for particles in a potential can be measured in a controlled manner. This insight was the basis of recent successful measurements on the cross-correlations between particle fluctuations along orthogonal directions as described in Ref. [15] . In this experiment, harmonic potentials for small latex spheres are induced by optical tweezers. The particle is simultaneously exposed to a linear shear flow in a special flow cell and its Brownian motion is investigated directly. In the same experiment and in a forthcoming work, the cross-correlations and anti-correlations between two particles captured in two neighboring potentials and exposed to shear flows are also investigated.
The measurements on the positional cross-correlation, x(t)y(0) , presented in Ref. [15] , exhibit a similar maximum as predicted by the expression in Eq. (35c) and as shown in Fig. 2 . This maximum is a typical signature of Brownian motion in shear flow and it is found where the shear rate approximately equals half of the particle's relaxation time. Also the elliptic shape of the particle's distribution, P (r), as shown in Fig. 3 , has been measured in Ref. [15] . The angle φ p , enclosed by the major axis of the distribution P (r), and the ratio V p between the length of the two principal axes on the one hand and the magnitude of the static correlations on the other hand focus on different aspects of the dynamics of a particle in a potential exposed to a shear flow. The interrelation between these different aspects of the Brownian particle dynamics can be used for consistency checks in experiments; such cross-checks are described Ref. [15] for the case of a linear shear flow. They are also possible in experiments with Poiseuille flow as forthcoming measurements may demonstrate.
Shear-induced correlations of fluctuations of the fluid velocity with respect to a linear shear flow were found theoretically [13, 14] . They are traced back to the nonnormal property of the Navier-Stokes equation linearized around the linear shear profile [13] and these velocity fluctuations play an important role in a shear flow for its instability and the onset of turbulence. The crosscorrelations between these velocity fluctuations exhibit a similar extremum as given by Eq. (35c), but it is a slightly different mechanism leading to this similar behavior on the level of the correlation function. This interrelation may be discussed in more detail in future work.
Stochastic forces acting on a particle in a fluid are caused by the velocity fluctuations of the fluid surrounding a particle. In quiescent fluids the correlations for velocity fluctuations are isotropically distributed. For reasons of simplicity, this is quite often assumed in models to investigate the Brownian motion of particles in shear flow. In that case, cross-correlations between stochastic forces along orthogonal directions vanish in the Langevin equation of motion. Shear induced cross-correlations between orthogonal components of fluctuations of the fluid velocity are indeed small compared to the shear independent contributions [14, 23] and hence this simplification is reasonable. However, to which extent such crosscorrelations of the fluid velocity may quantitatively modify the presented results on the cross-correlations of particle displacements needs further investigations.
In numerical simulations of the dynamics of a Brownian particle in a potential and exposed to a Poiseuille flow we found higher order correlations for the particle fluctuations of non-Gaussian behavior. However, for deriving our analytical results on the angle φ p , which the major axis of the particle distribution encloses with the flow direction, and the ratio V p between the lengths of the two principal axes, we assumed Gaussian distributed particle fluctuations also in Poiseuille flow. Accordingly, a perfect agreement between the results of the numerical simulations and the analytical calculations on φ p and V p could not be expected. Nevertheless, we find good agreement between both approaches, cf. Fig. 7 , especially further away from the center of the Poiseuille flow, where the linear contribution in the flow profile dominates and where the assumptions are better fulfilled.
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Appendix A: Cross-correlation ṽx(t)ṽy (t) In this appendix we discuss the correlation ṽ x (t)ṽ y (t) and we show that it includes, besides the contribution ∝ f xy in Eq. (18c), in the limit k → 0 an additional contribution ∝ f yy , which corresponds to the result described in Ref. [18] . From Eqs. (11) 
with the abbreviations a vv (t) =ê 
where we have introduced the functions G 1 (t) and G 2 (t) as well as the parameter δ: 
.
Since the y-and z-displacements are independent of any other direction, as can be seen in Eqs. (11) , their autocorrelations are functions of the individual force constant only and do not depend on µ. However, the autocorrelations for the velocity and the position in xdirection depends in a complex manner on the different force constants. The same applies for the crosscorrelations in the shear plane as follows 
